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Effective temperature of active fluids and sheared granular matter
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The dynamics within active fluids, driven by internal activity of the self-propelled particles, is a
subject of intense study in non-equilibrium physics. These systems have been explored using simu-
lations, where the motion of a passive tracer particle is followed. Similar studies have been carried
out for passive granular matter that is driven by shearing its boundaries. In both types of systems
the non-equilibrium motion have been quantified by defining a set of “effective temperatures”, using
both the tracer particle kinetic energy and the fluctuation-dissipation relation. We demonstrate
that these effective temperatures extracted from the many-body simulations fit analytical expres-
sions that are obtained for a single active particle inside a visco-elastic fluid. This result provides
testable predictions and suggests a unified description for the dynamics inside active systems.
Introduction. The dynamics within dense, non-
equilibrium fluids is a subject of great current interest
[1, 2]. Such systems are driven out of equilibrium either
by the constituent particles being self-propelled, such
that they are moving due to internally generated forces,
or by external driving such as shearing. At high densi-
ties such systems approach the glass transition, and the
effects of active forces on this transition have been in-
tensively explored. Progress in this field has relied on
investigations of the granular fluids using computer sim-
ulations (active [3–5], sheared [6–9]), and experiments
(active [10], sheared [11, 12]). Analytic descriptions of
the observed dynamics are scarce. The non-equilibrium
dynamics in these systems is often characterized by an
”effective temperature”, relating the response and cor-
relation functions, which plays an important role in the
quantification of the departure from equilibrium [3, 13–
19].
Recently, we have extended mode-coupling theory
(MCT) and random first order transition theory (RFOT)
of passive glass forming systems to that of an active sys-
tem of self-propelled particles. Within MCT, we find that
the system is characterized by an evolving effective tem-
perature, which equals to the equilibrium temperature at
very short time and saturates to a larger value at long
time. The functional dependence of the long-time value
of the effective temperature on the parameters of activity
is well described by an analytic expression derived for the
dynamics of a single active particle inside a caging poten-
tial, that characterizes an effective viscoelastic medium
[20, 21]. The functional form of the increase in the effec-
tive temperature due to activity turns out to be captured
by the potential energy of the particle, while the effective
medium is described by an effective viscosity and elas-
tic confining potential, which serve as fitting parameters.
Within RFOT, we have obtained the correction to the
configurational energy using a similar one-particle model
[22]. This allowed us to resolve and explain the effects of
activity on the dynamics and fragility of active glasses,
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in terms of their dependence on the characteristics of the
active force correlations [22].
Here we demonstrate that the same single trapped ac-
tive particle approach gives an excellent description of the
dependence of the kinetic energy of a passive tracer par-
ticle that is embedded in an active fluid, and in a sheared
granular fluid, as obtained in previous simulation stud-
ies. This agreement allows us to explain the observed re-
lation between the kinetic energy and the zero-frequency
limit “effective temperature” obtained from the gener-
alized fluctuation-dissipation theorem (FDT) Teff,FDT
[15]. Finally, we use our model to make predictions for
future simulation studies.
Kinetic energy of a tracer particle in active fluids.
In the simulations of an active fluid composed of self-
propelled particles (SPP) [3, 4], the activity is often im-
plemented by fixing the fraction of active particles, the
amplitude of the force that they exert (f0), and the du-
ration of the force (”persistence time” τp). This kind of
model was used to simulate the dynamics inside an active
fluid composed of spherical particles [3], and chain-like
active polymer fluid [4].
One measure of the activity within these systems was
extracted by the mean kinetic energy of a passive tracer
particle that is immersed inside the active fluid [3, 4]. We
therefore first write the kinetic energy that we obtain
from our single-trapped active particle (STAP) model
[23]
T akin =
1
2
mtr〈v
2〉a
=
ponNmf
2
0 τp
4
[
λ (1 + λτp/mtr) + τ2pk
3/2/m
1/2
tr
] (1)
where the mass of the tracer particle is mtr, which is be-
ing ”kicked” along one dimension by Nm ”motors” that
are characterized by a fixed force f0 (which can also be
given by a distribution of values), mean burst length τp
and mean waiting time between bursts τw, such that
pon = τp/(τw + τp) is the probability of a motor to be
turned on. The mean total kinetic energy of the parti-
cle is the sum of the active and thermal contributions:
Teff = T + T
a
kin.
2Note that previously the expression in Eq.1 was calcu-
lated for a normalized particle mass [23], but we now ex-
plicitly retain the mass in the expressions, for comparison
with the simulation results. When comparing the expres-
sion obtained from our STAP model to the simulations,
we need to fit the parameters of the effective medium
that confines the tracer particle, i.e. the effective friction
coefficient (λ), and the effective elastic confinement (k).
We now compare the analytic expression that we ob-
tained for the tracer particle’s mean kinetic energy T akin
(Eq.1), with the values obtained in the simulations [3, 4].
First, we predict that T akin increase quadratically with the
active force magnitude f0, and this is indeed observed in
the simulations.
Next, in fig.1 we plot the comparison between T akin and
the kinetic energy of the tracer particle in te simulations
[3, 4], as function of the tracer particle’s mass mtr. In
order to fit the data we simplify Eq.(1) to be in the form
T akin =
T akin,0
1 +A/mtr +B/m
1/2
tr
(2)
where A = λτp, and B = τ
2
pk
3/2/λ. We find that for both
of the data sets we can get reasonably good agreement by
neglecting the elastic component (i.e. setting k = B = 0)
and treating the tracer as being in a purely viscous fluid,
using the fit parameters A = 50, 180 respectively. We
can get a better fit, especially at the larger mass range,
where the second term in the denominator of Eq.2 be-
gins to dominate, using the parameters: A = 20, 100 and
B = 2, 5 respectively. The effective elastic confinement is
found to be small in these simulations, which is expected
as the systems were relatively dilute, with density that is
far below the jamming or glass transition values.
We further predict that the maximal value of the ki-
netic energy T akin,0, for mtr → ∞ (Eq.2) is independent
of the tracer particle’s mass, as observed. The excel-
lent agreement we obtained in Fig.1 indicates that the
effective medium coefficients λ, k are independent of mtr,
which is expected since in the simulations the tracer mass
was varied while keeping its size constant.
Generalized Fluctuation-Dissipation Theorem in active
fluids. Another measure for the activity is obtained using
the generalized Fluctuation-Dissipation Theorem (FDT),
and this was extracted from the density fluctuations of
the active fluid [3, 4]. From our STAP model we obtain
the following expression for the generalized FDR temper-
ature [23]
TFDT(ω) =
ponNmf
2
0
4λτp
1
ω2 + τ−2p
(3)
Note that this value is independent of the elastic stiff-
ness k that confines the tracer particle and of the tracer
particle’s mass. This expression is therefore the same as
for an active particle in a purely viscous fluid [24]. In
the steady-state limit (infinite time-scale, ω → 0) we get
-2 -1 0 1 2 3 4 5 6
Log[m ]
0
0.2
0.4
0.6
0.8
1
δ
T
e
ff
-2 -1 0 1 2 3 4 5 6
Log[m
tr
]
0
0.2
0.4
0.6
0.8
1
δ
T
e
ff
(a)
(b)
FIG. 1. Comparison between the normalized increase in the
mean kinetic energy of the tracer particle: δTeff = (Teff −
T )/Tkin(mtr →∞), as a function of the tracer particle’s mass
mtr. The fits using Eq.2 are given by the thick and thin solid
lines, using either both non-zero A and B (A = 20, 100 and
B = 2, 5 for (a),(b) respectively), or only A (A = 50, 180 for
(a),(b) respectively). The thin dotted and dashed lines show
the contribution of the terms that depend on A and B alone
in Eq.2, respectively. The results of numerical simulations
(squares) for (a) an active fluid of spherical particles [3], and
(b) active polymer-like chains [4].
that
TFDT(ω → 0) = TFDT,0 =
ponNmf
2
0 τp
4λτp
(4)
However, we have found in a previous study that the
TFDT that is obtained using an extension of the mode-
coupling theory (MCT) to active fluids (dense active sys-
tems of self-propelled particles) agrees with the potential
energy of the STAP model, which is given by [23]
T apot =
1
2
k〈x2〉a
=
ponNmf
2
0 τp
4λ (1 + kτp/λ)
(5)
Note that similar to TFDT,0 (Eq.4), this expression is in-
dependent of the tracer particle’s mass. However, it dif-
fers by having a dependence on k.
It therefore remains unclear which of these two expres-
sions that we obtained, TFDT,0 or T
a
pot, correspond to the
value of TFDT extracted from simulations. However, both
analytic expressions that we obtained depend quadrati-
cally on f0, and this is indeed the behavior found for
TFDT in the simulations [20, 25].
In the simulation study, it was found that the value
of the mean kinetic energy of the tracer particle agreed
with the value of TFDT, for the most massive tracer par-
ticles. We can calculate the ratio between the mean ki-
netic energy and both expressions TFDT,0, T
a
pot, within
3our model:
TFDT,0
Tkin
= 1 +
λτp
mtr
+
τ2pk
3/2
λm
1/2
tr
(6)
and
Tpot
Tkin
=
1 +
λτp
mtr
+
τ2pk
3/2
λm
1/2
tr
1 +
kτp
λ
(7)
Note that both of these ratios approach one in the limit of
τp → 0, where there is no effect of activity and equipar-
tition is recovered. The ratio in Eq.6 approaches one
in the limit of mtr → ∞, while the ratio in Eq.7 ap-
proaches one in this limit when the ratio kτp/λ is vanish-
ingly small (very weak effective confining potential com-
pared to the viscous friction). From the values of the fit
parameters we obtained in Fig.1, for the largest tracer
mass of mtr = 10
5, we therefore conclude that these ra-
tios are close to 1 in these simulations. However, we
do not expect these two measures of the active motion
to be the same in general, and Eqs.6,7 predict that the
deviation should increase for small tracer mass, strong
confinement (large k) and long persistence time.
Velocity distribution and relaxation time. The velocity
distribution of the tracer particle was found in the sim-
ulations to follow a Gaussian distribution [3, 4], for all
values of mtr. From our analysis of the model [23, 24] we
expect the velocity distribution to be Gaussian in either
one of the two following cases: (i) when λτp/mtr ≪ 1,
which is indeed satisfied in the simulations for the largest
tracer masses (using the parameters we fitted in Fig.1),
and (ii) when λτp/mtr ≫ 1 but the tracer particle is be-
ing ”kicked” simultaneously by a large number of active
motors, i.e. Nm ≫ 1. Within the simulations the tracer
particle can be in contact with several neighboring ac-
tive particles that affect it, which may give rise to the
observed Gaussian distribution.
Finally, the relaxation dynamics was quantified in the
simulations through the temporal decay of the incoher-
ent (one-particle) intermediate scattering function. This
defines the α-relaxation time τα, which was found to de-
crease for increasing motor force (f0) [3, 4]. We can re-
late the relaxation time with the effective temperature
through a simple Arhenius-like process through
log [τα/τ0] =
E
Teff
(8)
where E is an energy scale. Then for the passive system,
we should have log[τα(f0 = 0)] = E/T . Therefore, using
Eq.8 above, we obtain
log
[
τα(f0 = 0)
τα
]
=
Γ˜f20
1 + Γf20
(9)
where we have written Teff = 1 + Γf
2
0 and Γ˜ = ΓE
and used T = 1 as in the simulation. Using Γ˜ and Γ
as fitting parameters, and fitting Eq. (9) with the data
obtained from Fig. 12 of [4], we obtain Γ˜ = 73.63 and
Γ = 25.27 and plot the data along with Eq. (9) in Fig.
2a. Similarly, for the data in [3], we use the form
log τα = Γ1 + Γ2/(1 + Γ3f
2
0 ) (10)
where Γ1 = 6.86, Γ2 = 1.61 and Γ3 = 2.2 and show the
plot of Eq. (10) and the data from Fig. 2 of [3] in Fig.
2b.
Comparison with sheared granular simulations. Un-
like the active fluids, where the self-propelled particles
are driven by active noise, in a sheared granular fluid
the energy is supplied to the particles from the shear-
ing motion of the boundaries. In this system, the forces
that kick the particles arise from the shearing motion
of the boundaries, which cause stresses to buildup and
distribute throughout the granular material. The result-
ing network of force chains drives local rearrangements
of the grains that release the built-up stresses, and drive
the motion of the particles [26].
The mean kinetic energy of the particles, as well as the
TFDR, of a sheared granular fluid were extracted from
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FIG. 2. Comparison between the analytic expressions (dashed
lines) for τα (Eqs.9),10), and the simulations (filled circles) of
an active fluid from [3, 4], (a) and (b) respectively). The
fitting parameters are given in the text.
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FIG. 3. Comparison between the normalized increase in the
mean kinetic energy of the tracer particle: δTeff = (Teff −
T )/Tkin(m →∞), as a function of the tracer particle’s mass
mtr. The fits using Eq.2 are given by the thick and thin solid
lines, using either both non-zero A and B (A = 2 ∗ 103 and
B = 120), or only A (A = 2∗104). The thin dotted and dashed
lines show the contribution of the terms that depend on A
and B alone in Eq.2, respectively. The results of numerical
simulations (squares) for sheared granular system [6]. The
inset shows a log-log plot, to emphasize the clear dominance
of the m
−1/2
tr term for large masses.
simulations [6, 7], and experiments [11, 27]. The detailed
mechanism of how shear and activity drive the systems
out of equilibrium are different. However, since both τp
and the shear rate dictate the temporal correlations of
the external drive, they should be related in some way.
It is not completely clear how to relate the activity pa-
rameters f0, τp of the STAP model to the shear-rate used
in the simulation. The events that convert the internal
built-up stress to motion involve local rearrangements of
the particles, and their average duration is related to the
parameter τp of the kicked-particle model. We will as-
sume that the effective τp is largely independent of mtr.
This means that the dependence of the kinetic Teff on
the mass of the tracer particle should be captured by
Eq.2, even for a sheared system.
In fig.3 we plot the comparison between Eq.2) and the
mass dependence of the mean kinetic energy of the tracer
particle in a sheared granular system [6]. We find excel-
lent agreement, this time with much larger component
of elastic confinement, as compared to the dilute active
fluids shown in Fig.1.
In [6, 7] it was found that there is an identity between
the kinetic energy and TFDR for mtr ≥ 10
6. From our
fit in Fig.3 we find that in these simulations λτp/mtr ≪
1 for the largest mass of the tracer particle, and from
Eqs.6,7 we expect that the kinetic and FDR temperature
will be almost equal in this regime. As for the active
fluids, within our model we do not in general expect these
different measures of activity to be the identical [9].
Conclusion. We have shown that the analytical ex-
pression for the kinetic energy that we obtain from the
STAP model gives an excellent description of the kinetic
energy of a tracer particle immersed in an active fluid
or in a sheared granular systems, as obtained previously
using numerical simulations. This result highlights that
the dynamics within the many-body active system can be
captured using the calculation of a single particle moving
within an effective medium. Note that our assumption
that the effective medium properties (λ, k) of the effective
single particle scenario are independent of the activity
could breakdown at large activity. Specifically, our the-
ory may not be applicable when there is activity-induced
phase separation.
The excellent agreement that we obtained between the
many-body simulations and the calculation for a single
trapped particle may seem surprising at first: the tracer
particle in the simulations performs diffusion over long
times (≫ τα), so why should a trapped particle picture
be applicable ? The agreement arises from the fact that
within the many-body system the tracer particle spends
most of its time within local potential minima, while the
transitions between these minima occur over a relatively
short time (≪ τα). Therefore, when calculating the mean
kinetic and potential energies of the particle, the time
spent within the local minima dominate.
Our model provides many testable predictions, such as:
(i) We can predict the dependencies of the kinetic energy
and FDR temperature on the size (radius) of the tracer
particle R. The following quantities that enter Eq.(1)
depend on R: The mass of the tracer particle mtr ∝ R
d
(where d is the dimensionality of the system), the number
of simultaneous active particles that the tracer particle
interacts with grow as: Nm ∝ R
d−1, and the friction
coefficient: λ ∝ Rµ, where 1 < µ ≤ d − 1. In 3D, for
viscous friction (µ = 1), we therefore get from Eqs.1,2
that: T akin ∝ R/(1 + A/R
3 + B/R3/2), which increases
with increasing tracer size.
(ii) We predict that for more persistent active articles,
with larger τp, there will be a growing discrepancy be-
tween the two measures of activity, such that the ratio
TFDT/Tkin increases.
(iii) We also predict that the mean kinetic energy
(Eq.1) will be an increasing function of the persistence
τp, for small τp, but decreasing for large τp. This predic-
tion applies for a model of the active noise with constant
active force f0 [20]. However, if the self-propelled par-
ticle activity has temporal correlations that approach a
δ-function as τp → 0 [28], such that f
2
0 ∼ Tm/τp (where
Tm is a constant) [22], we predict that the mean kinetic
energy decreases with increasing persistence time.
These predictions await future numerical and experi-
mental studies. Such tests could define the limitations
of the proposed analogy, as well as expose the relation
between the effective single-particle parameters and the
actual microscopic properties (such as density, particle
interactions etc.) of the many-body system.
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